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For integers a8, we give upper bounds for the solutions of the Thue
inequalities |x4&a2x2y2+ y4|k(a), where k(a) is a function with positive values.
The method is based on Pade approximations.  1997 Academic Press
INTRODUCTION
In recent years, complete solutions to some families of cubic or quartic
Thue equations were given (see [M; MPL; MPR; MT; P; T1; T2];
[MPL] treats Thue inequalities). The methods are based on the theory of
linear forms in logarithms. Siegel [S] obtained some results on a family of
Thue inequalities by the hypergeometric method. In the present paper, we
introduce a new technique for solving Thue inequalities based on effective
simultaneous rational approximations of two algebraic numbers. We will
prove
Theorem 1. Let a be an integer with a8, and k(a)1. Let (x, y) #
Z_Z be a solution of the quartic Thue inequality
|x4&a2x2y2+ y4|k(a), (1)
with x y>0. Then
y4&*(a)<
c
1.99
ak(a), (2)
where
*(a)=2+
2 log(6 - 3 a2+24)
log(27(a4&4)128)
<4
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and
2120 for a8,
c={1420 for a109,1300 for a1.06_106.
As an example we consider the case k(a)=a2&2 (a{1) and find all
primitive solutions (see Definition 1) for a8.
Theorem 2. Let a8. Then the only primitive solutions of the Thue
inequality
|x4&a2x2y2+ y4|a2&2 (1.1)
are (x, y)=(0, 0), (\1, 0), (0, \1), (\a, \1), (\1, \a), (\1, \1) with
mixed signs.
Let us call these solutions the trivial solutions of (1.1). To obtain these
results we use Rickert’s results [R] on simultaneous rational approxima-
tions of algebraic numbers which are obtained by Pade approximations. In
order to bound the solutions of (1), we solve a problem of rational
approximations of a solution % of f (x)=x4&a2x2+1=0. For this, we
construct (inhomogeneous) linear forms in % and %2 applying Rickert’s
results to the two numbers - 1+2a2 and - 1&2a2. If a8, then this
gives an estimate for rational approximations of % (see Proposition 1). By
this estimate we easily obtain an upper bound for the solutions of (1).
In the case k(a)=a2&2, we will show that if a1.06_106, then, for
nontrivial primitive solutions (x, y) (whose ratio xy is close to %), this
upper bound is smaller than the lower bound given by an elementary
estimate. Hence we see that if a1.06_106, then the only primitive solu-
tions of (1.1) are the trivial solutions. For 8a<1.06_106, we searched
solutions by computer up to the upper bound (for example, for a=8 up to
1086, for a=1.06_106&1 up to 1024), calculating the continued fractions
of %, and found no nontrivial primitive solutions. (In the case k(a)=1, we
can show that if a109, then the upper bound is smaller than the lower
bound for nontrivial solutions; hence we see, without computer search, that
for k(a)=1 and a109, (1) has only the above trivial solutions with
(\1, \1) omitted (see the final remark in Section 5).)
The case 2a7 will be treated in a subsequent paper.
Remark. During the preparation of the revised version of our paper, we
were informed that Lettl, Petho , and Voutier [LPV] solved three families
of Thue inequalities of degree 3, 4, and 6 by a Pade approximation method.
71QUARTIC THUE INEQUALITIES
File: 641J 216103 . By:DS . Date:12:08:01 . Time:02:39 LOP8M. V8.0. Page 01:01
Codes: 2256 Signs: 1285 . Length: 45 pic 0 pts, 190 mm
In the first version of our paper we treated only the Thue equations
x4&a2x2y2+ y4=1. The referee suggested to us to generalize the results to
the Thue inequalities. The author expresses his great thanks to the referee
for this valuable suggestion, as well as for the other suggestions.
1. ELEMENTARY ESTIMATES FOR SOLUTIONS
Even though our theorems are stated only for a8, we assume in this
paper that a is an integer greater than 1 if it is not mentioned otherwise.
Note that if a=1 then the left-hand side of (1) is equal to (x2& y22)2+
3y44 and we can easily bound the solutions of (1), so we omit this case.
Let
F(x, y)=x4&a2x2y2+ y4.
Definition 1. We call a solution (x, y) # Z2 of a Thue inequality
primitive if the greatest common divisor of x and y, gcd(x, y)=1. (We call
also (0, 0) primitive.)
Note that
F(0, 0)=0,
F(x, y)=1 for (x, y)=(\1, 0), (0, \1), (\a, \1), (\1, \a)
with mixed signs.
So in the following we will search primitive solutions of (1) other than
these. Moreover, by the symmetry of (1), it is enough to consider solutions
(x, y) with x y1.
Let
f (x)=x4&a2x2+1.
This polynomial is irreducible over Q, and the solutions of f (x)=0 are
\- (a2\- a4&4)2
with mixed signs, and they are all real. Let
%=- (a2+- a4&4)2
be the largest one. Its conjugates are %$=&%, %"=1%, and %$$$=&1%.
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Lemma 1. We have
a&
1
2a3
&
3
2a7
<%<a&
1
2a3
(3)
and
f \a& 12a3&
3
2a7+< &
1
a4
, f \a& 12a3+>
1
a4
. (4)
Proof. By direct estimate or by using Taylor’s formula at the point a,
we obtain (4). By (4) and the fact f (0)=1 and f (1)=2&a2<0, we obtain
(3) by looking at the shape of the curve y= f (x).
We divide solutions (x, y) of (1) with x y1 into the following two
types according to the intervals to which xy belongs.
Definition 2. We call a solution (x, y) of (1) of type I if x y1 and
1
x
y
a&
1
2a3
&
3
2a7
or a&
1
2a3

x
y
,
and of type II if x> y>1 and
a&
1
2a3
&
3
2a7
<
x
y
<a&
1
2a3
. (5)
Remark. In the definition of type II, we omitted the case x> y=1 since
the interval (5) does not contain any integer.
Roughly speaking, solutions (x, y) for which the ratio xy is close to %
are of type II, and solutions for which the ratio xy is far from % are of
type I. Solutions of type I can be easily bounded as follows.
Lemma 2. Let (x, y) be a solution of (1) of type I. Then
y<ak(a)14.
Proof. By (4), f (1)=2&a2, and the shape of the curve y= f (x), we see
that if xy is in the intervals of the definition of type I then | f (xy)|>1a4.
Hence by (1) we have k(a)|F(x, y)|=| y4f (xy)|> y4a4, and we obtain
the desired inequality.
Since solutions of type I can be easily found by this lemma, we
investigate mainly solutions of type II in the following. We see that solu-
tions of type II are relatively large.
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Lemma 3. Let (x, y) be a solution of (1) of type II. Then
y>a43. (6)
Proof. Multiplying (5) by 2a3y we obtain 2a4y& y&3ya4<2a3x<
2a4y& y. Since the distance between the last two numbers is at least 1, we
obtain 3ya4>1, which implies (6).
Lemma 4. Suppose a8, and let (x, y) be a solution of (1) of type II.
Then
}%&xy }<
k(a)
1.99a3y4
. (7)
Proof. Using Lemma 1 and the condition (5), we estimate from below
the distances between xy and the conjugates of % and use (1). For our aim,
it is in fact sufficient to use weaker estimates:
a&
1
a3
<%<a, a&
1
a3
<
x
y
<a,
1
a
<%"=
1
%
<
1
a
+
2
a5
.
Recall also that %$=&% and %$$$=&1%. Then we obtain (7).
2. LINEAR FORMS IN % AND %2
As before, let
%=- (a2+- a4&4)2
be the largest solution of f (x)=x4&a2x2+1=0.
Here we construct linear forms in % and %2 which will play an essential
role in establishing the result on rational approximations of % in the next
section. We note that
%=
- a2+2+- a2&2
2
,
1
%
=
- a2+2&- a2&2
2
,
(8)
- 1+2a2=
1
a \%+
1
%+ , - 1&2a2=
1
a \%&
1
%+ .
Rickert [R] considered, as an example of his method, simultaneous
rational approximations of the two algebraic numbers - 1+1N and
- 1&1N. We recall his results and apply them to - 1+2a2 and
- 1&2a2 with a slight modification.
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Lemma 5 [R]. Let N be an integer greater than 1. Then for each integer
n1, there are three (inhomogeneous) linear forms
pi1n+ pi2n - 1+1N+ pi3n - 1&1N=lin (i=1, 2, 3) (9)
with rational coefficients pijn , satisfying
(i) the determinant of ( pijn)1i, j3 is not zero,
(ii) | pijn |\Pn,
(iii) |lin |lL&n, and
(iv) pijn , 1i, j3, have common denominator dDn,
where
\=
11
4
, P=
3 - 3
2 \1+
2
N - 3+ , l=
27
64(1&1N )
,
L=
27
4
(N3&N ), d=
1
2
, D=8N.
Remark. The assertion (i) is immediately obtained by putting
x=1N{0 in Lemma 3.4 of [R] (see also the next paragraph). The asser-
tions (ii), (iii), and (iv) are Lemmas 4.1, 4.2, and 4.3 of [R], respectively,
except for a small difference of value of l. In fact, in [R], in the course of
the proof (between p. 468, line 3 from the bottom, and p. 469, line 5),
1&1N is replaced by 12, so l=2732 in [R]. However, we do not do this
replacement and keep 1&1N in the formula.
In order to prove Lemma 5, Rickert constructs, for the two functions
- 1+x and - 1&x, Pade approximations
pi1n(x)+ pi2n(x) - 1+x+ pi3n(x) - 1&x=lin(x) (i=1, 2, 3),
using some nice integrals. The linear forms (9) are obtained by putting
x=1N and defining pijn= pijn(1N ) and lin=lin(1N ).
The assertions (ii) and (iii) are obtained by estimating those integrals
without using any arithmetic properties of N. Hence (ii) and (iii) hold for
N=a22 also. Assertion (iv) is obtained by residue calculus for those
integrals. Repeating the similar residue calculus for N=a22, we therefore
obtain the following lemma. Let us just remark that our loss of a factor
of 2 for d comes from pijn(2a2) for i, j=2, 3. (In fact, for these i, j, the
coefficient of xk, 1kn, of pijn(x) has denominator 22n+k&1, whereas its
constant term has denominator 22n.)
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Lemma 5.1. For each integer n1, there are three linear forms,
pi1n+ pi2n - 1+2a2+ pi3n - 1&2a2=lin (i=1, 2, 3) (10)
with rational coefficients pijn , satisfying (i), (ii), (iii), and (iv) of Lemma 5
with
\=
11
4
, P=
3 - 3
2 \1+
4
a2 - 3+ , l=
27
64(1&2a2)
,
L=
27
4 \
a6
8
&
a2
2 + , d=1, D=4a2.
Now, let us put (8) into (10) and multiply it by %. Then we have
1
a
( pi2n& pi3n)+ pi1n%+
1
a
( pi2n+ pi3n) %2=lin% (i=1, 2, 3).
We rewrite this as (11) and estimate the right-hand side by noting %<a.
Then by Lemma 5.1 we immediately obtain the following lemma.
Lemma 6. For each integer n1, there are three linear forms in % and %2,
pi1n+ pi2n%+ pi3n%2=lin (i=1, 2, 3), (11)
with rational coefficients pijn , satisfying
(i) the determinant of ( pijn)1i, j3 is not zero,
(ii) | pi1n |, | pi3n | 2a \P
n and | pi2n |\Pn,
(iii) |lin |<lL&n, and
(iv) pijn , 1i, j3, have common denominator dDn,
where
\=
11
4
, P=
3 - 3
2 \1+
4
a2 - 3+ , l=
27a
64(1&2a2)
,
L=
27
4 \
a6
8
&
a2
2 + , d=a, D=4a2.
Remark. Recently Bennett [B] sharpened Rickert’s results. We use
here, however, Rickert’s estimates for simplicity.
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3. RATIONAL APPROXIMATIONS OF %
Lemma 6 on linear forms in % and %2 implies the following proposition
on rational approximations of %. In fact, this implication was stated in a
general form and proved by Chudnovsky [C, Lemma 3.2]. The constant
*(a) is the same as in [C]. However, we repeat the proof here in order to
determine explicitly the coefficient of q*(a) in (12) too. In the following, pijn ,
lin , \, P, l, L, d, and D will always mean the numbers given in Lemma 6.
Proposition 1. Suppose a8, and let
%=- (a2+- a4&4)2
be the greatest solution of f (x)=x4&a2x2+1=0. Then for any integers p
and q with q>0, we have
}%&pq }>
1
ca4q*(a)
, (12)
where
*(a)=2+
2 log(6 - 3 a2+24)
log(27(a4&4)128)
<4 (13)
and
2120 for a8,
c={1420 for a109,1300 for a1.06_106.
Further, *(a) is a decreasing function of a and tends to 3 when a tends to .
Remark. In order to apply this proposition to solve the Thue inequality
(1), it is essential that *(a)<4, since % is an algebraic number of degree 4.
If a7, then *(a) becomes larger than 4, and the lower bound (12) is no
longer larger than the upper bound in Lemma 4 for y arbitrarily large.
Hence for a7 the estimate (12) is useless.
Proof. Put
%=
p
q
+$. (14)
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We may suppose |$ |<1 and p>0 since %>1 by (3). By (14), (11) is
written as
pi1n+ pi2n \pq+$++ pi3n \
p
q
+$+
2
=lin ;
hence, multiplying it by dDnq2, we obtain
dDn( pi1nq2+ pi2npq+ pi3np2)
=dDnq2lin&dDn$( pi2nq2+2pi3n pq+ pi3nq2$). (15)
Now let n be the positive integer such that
dq2l(DL)n 12<dq
2l(DL)n&1. (16)
Such n exists since DL=128(27(a4&4))<1 and dq2l=27a2q2(64(1&2a2))
> 12 . For this n, we choose and fix i among 1, 2, 3 such that the left-hand side
of (15) does not vanish. This is possible by (i) of Lemma 6. Then the left-hand
side of (15) is a nonzero integer by (iv) of Lemma 6, and its absolute value
is at least 1. By (iii) of Lemma 6 and (16) we have
|dDnq2lin |<dDnq2lL&n 12 ,
so, by (15),
|dDn$( pi2nq2+2pi3npq+ pi3nq2$)|> 12. (17)
On the other hand, since |$ |<1 and %<a by (3), we have p<q(a+1) by
(14), and, hence, using (ii) of Lemma 6, we obtain
| pi2nq2+2pi3n pq+ pi3nq2$ |<\Pnq2+
4
a
\Pnq2(a+1)+
2
a
\Pnq2
=\5+6a+ \Pnq2.
Hence, by (17) we have
|$ |>
1
2(5+6a) d\(DP)n q2
. (18)
Now, by the right-hand side of (16) and by the inequality DL<1, we have
n<
log q2+log(2dlLD)
log(LD)
.
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Hence, by (18) we obtain
|$ |>
1
c(a) q*(a)
,
where
*(a)=2+
2 log DP
log(LD)
and
c(a)=2 \5+6a+ d\ exp
(log DP)(log(2dlLD))
log(LD)
. (19)
This gives the value of *(a) in (13). Moreover, if a8, then a2<6 - 3a2+
24<27(a4&4)128<a4 (for a=8 the second term equals 689.1 and the
third term equals 863.1), which implies 3<*(a)<4. By differentiating the
expression for *(a) of (13) and noting *(a)>3, we see also that it is a
decreasing function. It is easy to see that *(a) tends to 3 when a tends to .
Now we will show that the inequality
h(a)=
(log DP)(log(2dlLD))
log(LD)
<log c1a3 (20)
holds with
67 for a8,
c1={51 for a109,47.1 for a1.06_106.
To prove this, we put the values of Lemma 6 into (20). Then
h(a)=
(log 6a2(- 3+4a2))(log(272a6(1+2a2)4096))
log(27a4(1&4a4)128)
.
Note that, when a is large, the main term of h(a) is
h(a)t
(log a2)(log a6)
log a4
=3 log a.
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To evaluate h(a) more precisely, we put
g1= g1(a)=log 6(- 3+4a2),
g2= g2(a)=log(272(1+2a2)4096),
g3= g3(a)=log(27(1&4a4)128).
Then we have
h(a)=
(2 log a+ g1)(6 log a+ g2)
4 log a+ g3
=3 log a+
1
4
(6g1+2g2&3g3)+
g1g2& g3(6g1+2g2&3g3)4
4 log a+ g3
.
Since g2(a)<0 and 0<g1()=log 6 - 3<g1(a), we have g1(a) g2(a)<
g1() g2(a). Also 4 log a+ g3>0. Hence
h(a)<3 log a+
1
4
(6g1+2g2&3g3)+
g1() g2& g3(6g1+2g2&3g3)4
4 log a+ g3
=: 3 log a+ g(a).
Since g1(a), g2(a), and &g3(a) are decreasing functions, &g3>0,
6g1+2g2&3g3>0, and 4 log a+ g3 is increasing, we see that g(a) is a
decreasing function. So we have g(a)g(8) for a8. By numerical calcula-
tion we see g(8)=4.1927=log 66.2<log 67. Therefore (20) holds with
c1 = 67 for a  8. Similarly, g(109) = 3.926 = log 50.7 < log 51 and
g(1.06_106)=3.8508=log 47.03<log 47.1; hence (20) holds for every
case.
By (19) and (20), we see
2120a4 for a8,
c(a)<
11
2 \5+
6
a+ c1a4<{1420a4 for a109,1300a4 for a1.06_106.
This completes the proof of the proposition.
4. PROOF OF THEOREM 1
Here we prove Theorem 1 by using Lemmas 2 and 4 and Proposition 1.
So, suppose a8, and let (x, y) be a solution of (1) with x y1.
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If (x, y) is a solution of (1) of type I, then, by Lemma 2 we have the
stronger bound y<ak(a)14. So, suppose (x, y) is a solution of (1) of type
II. Then, by Lemma 4 and Proposition 1, we have
1
ca4y*(a)
< } %&xy }<
k(a)
1.99a3y4
,
which implies (2), and the proof of Theorem 1 is complete.
5. PROOF OF THEOREM 2
Here we prove Theorem 2. So, suppose a8, and let (x, y) be a
primitive solution of (1.1). By symmetry we may suppose x y0. The
only primitive solutions of (1.1) with y=0 and x y are (0, 0) and (1, 0).
Hence we may suppose x y1.
Case of type I. Suppose (x, y) is a primitive solution of type I. Then,
by Lemma 2, we have
y<ak(a)14=a(a2&2)14<a32.
Moreover, we see that (a, 1) and (1, 1) are primitive solutions of (1.1) of
type I. So we look for other solutions than these. Hence, we suppose further
xy>1 and xy{a. Under this assumption, we divide into two cases.
(i) Case where 1 ya. In this case, by ya and the above
assumption, we have
1<
x
y
a&
1
a
or a+
1
a

x
y
.
By direct estimate we see that f (1)=2&a2, f (a&1a)<2&a2,
and f (a+1a)>a2&2 for a8. Therefore, from the shape of
the curve y= f (x), we see that | f (xy)|>a2&2 for xy in the
above intervals. Hence,
a2&2|F(x, y)|= y4 | f (xy)|> y4(a2&2)a2&2,
a contradiction. Therefore, there is no solution in case (i).
(ii) Case where a< y<a32. In this case, under the above assump-
tion, we have
1<
x
y
<a&
1
a32
or a+
1
a32
<
x
y
.
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By direct estimate we see that f (1)=2&a2<&1,
f (a&1a32)< &1, and f (a+1a32)>1 for a8. Therefore,
from the shape of the curve y= f (x), we see that | f (xy)|>1
for xy in the above intervals. Hence,
a2&2|F(x, y)|= y4 | f (xy)|> y4>a4,
a contradiction. Therefore, there is no solution in case (ii).
Consequently, the only primitive solutions of type I with xy1 are
(a, 1) and (1, 1).
Case of type II. Suppose (x, y) is a solution of type II. Then, by
Theorem 1, we have
y4&*(a)<
c
1.99
ak(a)=
c
1.99
a(a2&2). (21)
We divide into two cases.
(i) Case where a1.06_106. By Lemma 3, we have
a43< y.
Hence by (21) we have
(a43)4&*(a)<
c
1.99
a(a2&2) (22)
with c = 1300. However, for a = 1.06_106, we have
*(1.06_106)=3.115655, and we see that (22) does not hold. In
fact, the weaker inequality
(a43)4&*(a)<
c
1.99
a3
does not hold for a=1.06_106 since the left-hand side is
7.795_1020 and the right-hand side is 7.780_1020. Note that
the last inequality is written as
1
4- 33 \
a
4- 3+
13&4*(a)
<
c
1.99
,
and the left-hand side is an increasing function of a since *(a)
is a decreasing function. Therefore this inequality does not
hold for a1.06_106. Hence (22) does not hold for a
1.06_106. Consequently, (1.1) has no solution of type II in
this case.
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(ii) Case where 8a<10.6_106. In this case, (21) holds with
c=2120, and it gives an upper bound for y, namely,
y4&*(a)<1066a(a2&2). (23)
For example, for a=8, *(8)=3.933379, y<1086, for a=10,
*(10)=3.821086, y<1034, for a=100, *(100)=3.369936,
y<1015, for a=10000, *(10000)=3.176797, y<1019, for
a=1059999, *(1059999)=3.115655, y<1024. We use the well-
known classical theorem which says that, for any real number
! and integers p and q with q>0, if the inequality |!& pq|<
1(2q2) holds then pq is one of the principal convergents of !
(see, for example, [HW, Theorem 184]). By Lemma 4, a solu-
tion (x, y) of (1.1) in this case is therefore one of the principal
convergents of %. So, we computed the value of % for each a,
8a<1.06_106, and its continued fractions and verified that
no principal convergents (except a1) up to the upper bound
given by (23) satisfy (1.1). (We used a personal computer and
the software UBASIC; the computation time was about one
hour.) Therefore, (1.1) has no solution of type II for
8a<1.06_106. This completes the proof of Theorem 2.
Remark. Case where k(a)=1. Even though this case is included in
Theorem 2, we add a remark. Let a109 and suppose that the Thue
inequality
|x4&a2x2y2+ y4|1
has a solution (x, y) of type II. Then, by Lemma 3 and Theorem 1 we
obtain, in place of (22),
(a43)4&*(a)<
c
1.99
a
with c=1420. However, for a=109 we have *(109)=3.362522, and the
left-hand side is 7.782_104 and the right-hand side is 7.777_104. So, this
inequality does not hold for a109. Hence, for a109, there is no solu-
tion of type II for this Thue inequality. Moreover, as was shown in the
proof of Theorem 2, there is no primitive solution of type I with xy1
except (a, 1). Consequently, we see, without computer search, that for
a109, the only solutions of this Thue inequality are (x, y)=(0, 0),
(\1, 0), (0, \1), (\a, \1), (\1, \a) with mixed signs.
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